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INTEGRAL POINTS OF BOUNDED DEGREE ON THE PROJECTIVE
LINE AND IN DYNAMICAL ORBITS
JOSEPH GUNTHER AND WADE HINDES
Abstract. Let D be a non-empty effective divisor on P1. We show that when ordered by
height, any set of (D,S)-integral points on P1 of bounded degree has relative density zero.
We then apply this to arithmetic dynamics: let ϕ(z) ∈ Q(z) be a rational function of degree
at least two whose second iterate ϕ2(z) is not a polynomial. We show that as we vary over
points P ∈ P1(Q) of bounded degree, the number of algebraic integers in the forward orbit
of P is absolutely bounded and zero on average.
1. Introduction
Let K/Q be a number field and let S be a finite set of places of K containing the
archimedean ones. Siegel’s theorem is a fundamental result in the study of integral points on
curves (we use below the modern language of (D,S)-integral points; see Section 2 for more
details):
Theorem 1.1 (Siegel). Let C be a curve defined over K and let D be a non-empty effective
divisor on C, also defined over K. Then if D contains at least 3 distinct (geometric) points,
any set of (D,S)-integral points in C(K) is finite.
More classically, one can state this (and later results of this introduction) in terms of an
affine embedding: if C/K ⊆ An is an affine curve with at least three points at infinity, then
C has only finitely many K-points whose coordinates are S-integers.
In fact, a curve C can have infinitely many integral K-points only if D comprises one or
two points and C has genus zero. Even in this infinite case, integral points are still known
to be rare, in the following sense: when we order the K-points of C by a Weil height H(·)
on C, any set of integral points has density zero within the rational points of C.
Theorem 1.2. Let D be a non-empty effective divisor on P1 defined over K, and let R be
any set of (D,S)-integral points in P1(K). Then
lim
B→∞
#{P ∈ R | H(P ) ≤ B}
#{P ∈ P1(K) | H(P ) ≤ B} = 0.
See [Ser97, Chapter 9] for a proof in the case where S is exactly the set of archimedean
places; it also shows the proportion of integral points decreases to zero relatively fast.
More recently, Siegel’s theorem has been generalized, beyond integral points defined over
a fixed number field, to integral points defined over varying number fields of bounded degree.
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This deep finiteness result [Lev09, Corollary 14.14] follows from work of Vojta [Voj92] and
of Song and Tucker [ST99]:
Theorem 1.3 (Levin). Let d ≥ 1 be an integer, let C be a curve defined over K, and let
D be a non-empty effective divisor on C, also defined over K. Then if D contains at least
2d + 1 points, any set of (D,S)-integral points contained in {P ∈ C(Q) | [K(P ) : K] ≤ d}
is finite.
Remark. Note that when d = 1, this recovers Siegel’s theorem. See [Lev16] for an elegant
converse, which shows that in one sense, integral points of bounded degree on curves behave
better than rational points. Some special cases of Theorem 1.3 were known earlier: if C = P1,
it follows from the Thue-Siegel-Roth-Wirsing theorem [Wir71] on Diophantine approxima-
tion. For arbitrary curves, Corvaja and Zannier proved the theorem [CZ04, Corollary 1] in
the case d = 2.
Given this finiteness result, it’s reasonable to ask if a higher-degree analogue of Theorem
1.2 holds. In other words: in the cases where C has infinitely many integral points of degree
d, are they still density zero within the rational points of degree d? Our first theorem
shows this is indeed true if C has genus zero and the base field is Q. For d ≥ 1, let
P1(Q, d) = {P ∈ P1(Q) | [Q(P ) : Q] ≤ d}.
Theorem 1.4. Let D be a non-empty effective divisor on P1 defined over K, and let R ⊂
P1(Q, d) be a set of (D,S)-integral points. Then
lim
B→∞
#{P ∈ R | H(P ) ≤ B}
#{P ∈ P1(Q, d) | H(P ) ≤ B} = 0.
Remark. If d = 1 this is a special case of Theorem 1.2, while if D contains a Q-point, it
follows from [Bar15, Theorem 1.2] or [CLT12, Theorem 3.5.6]. However, in its full generality,
Theorem 1.4 appears to be new.
While Theorem 1.4 is of independent interest, our original motivation for proving it was
an application to arithmetic dynamics, which we’ll now explain.
In [Sil93], Silverman established the following dynamical corollary to Siegel’s theorem
(here ϕn = ϕ ◦ · · · ◦ ϕ denotes the nth iterate of ϕ):
Theorem 1.5 (Silverman). Let ϕ(z) ∈ K(z) be a rational function of degree at least two. If
ϕ2(z) is not a polynomial, then the forward orbit of P ∈ P1(K),
Orbϕ(P ) := {P, ϕ(P ), ϕ2(P ), . . . },
contains only finitely many S-integral points.
In light of Theorem 1.5, it is natural to ask if the number of integral points in an orbit
of ϕ can be uniformly bounded. We show that the answer is yes, and in fact we strengthen
the statement in two ways: first, we allow ϕ to be defined with arbitrary Q-coefficients, and
second, our bound depends only on the degree of the number field.
Some notation: for S a finite set of places of Q containing ∞, let OS denote the integral
closure of ZS within Q. When S = {∞}, this is simply the ring of all algebraic integers; the
reader is welcome to keep this intuitive example in mind throughout the paper. Whenever
we write P ∈ OS for a point of P1(Q), that means P is of the form [α : 1], for α ∈ OS.
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Theorem 1.6. Let ϕ(z) ∈ Q(z) be a rational function of degree at least two and let S be a
finite set of places of Q containing the archimedean one. Then if ϕ2(z) is not a polynomial,
there exists a constant N = N(ϕ, d, S) such that for any point P ∈ P1(Q, d), we have
#(Orbϕ(P ) ∩OS) ≤ N .
Although it’s nice to have an upper bound on the number of integral points of Orbϕ(P ),
one expects that most orbits contain no integers at all. To test this intuition, we study the
average number of integral points in orbits as we vary over P ∈ P1(Q) of degree at most d and
height at most B. In particular, we show that this average tends to zero as the height grows.
Moreover, since the choice of d is arbitrary, the following result can be roughly interpreted
as: “a random algebraic number has no integral points in its orbit.”
For P ∈ P1(Q), let H(P ) denote its absolute multiplicative Weil height. Let P1(Q, d, B) =
{P ∈ P1(Q) | [Q(P ) : Q] ≤ d and H(P ) ≤ B}; by Northcott’s theorem, this is a finite set.
Then we have:
Theorem 1.7. Let ϕ(z) ∈ Q(z) be a rational function of degree at least two and let S be a
finite set of places of Q containing the archimedean one. Then if ϕ2(z) is not a polynomial,
lim
B→∞
∑
P∈P1(Q,d,B)#(Orbϕ(P ) ∩ OS)
#P1(Q, d, B)
= 0
for all d ≥ 1.
Aside from standard properties of dynamical heights, the two main ingredients in the proof
are the finiteness result in Theorem 1.3 and the density result in Theorem 1.4.
The dynamical results in this paper generalize [Hin15, Theorem 1.2], where the second
author studies averages over a fixed number field.
2. Notation and Previous Results
In this section, we establish some notation for the rest of the paper, and state known
results that we’ll use.
There are various roughly equivalent definitions of integral points on a variety, so we’ll
fix a convenient one for our purposes. For a number field K, a variety X defined over K, a
divisor D on X defined over K, and a finite set S of places of K containing the archimedean
ones, we say that R ⊂ (X\D)(Q) is a set of (D,S)-integral points if there exists a global
Weil function λD such that for all places v of K not in S, we have λD,v(P ) ≤ 0 for all P ∈ R.
We refer the reader to [Voj11, Chapter 1] and [Lan83, Chapter 10] for the definition of a
global Weil function as a suitable collection of local Weil functions; we’ll simply cite the
properties relevant to us as needed.
The following “clearing denominators” lemma [Voj11, Lemma 1.4.6] will be of particular
use:
Lemma 2.1. Let R be a (D,S)-integral set of points on X, and let f be a rational function
with no poles outside of D. Then there is some constant b ∈ K× such that b ·f(P ) is integral
for all P ∈ R.
With the exception of Theorem 1.4, however, the above general notion of integrality is
only used within the proofs, not in stating our dynamical results. For that, we need only
the simpler definition of OS given above Theorem 1.6.
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We’ll use two different notions of height. First, for a point P ∈ P1(Q), let H(P )
denote the absolute multiplicative Weil height of P , for which there are various equiva-
lent definitions. One of them: let H([1 : 0]) = 1, while for α ∈ Q, let H([α : 1]) =(
ad
∏
conjugates α′ of αmax{1, |α′|}
) 1
[Q(α):Q]
, where ad is the leading coefficient of α’s minimal
polynomial over Z; here we obtain the minimal polynomial over Z from the minimal poly-
nomial over Q by multiplying by the smallest positive integer that clears denominators.
Second, to a non-constant rational map ϕ ∈ Q(z) of degree r ≥ 2, we can associate
a different height function hˆϕ on P
1(Q) called the (logarithmic) canonical height; see, for
instance [Sil07, §3.4]. The canonical height behaves well under iteration: hˆϕ(ϕn(P )) =
rnhˆϕ(P ). Moreover, a point P has canonical height 0 if and only if it is a preperiodic point
for ϕ, i.e. its forward orbit is finite.
Both of these heights satisfy the Northcott property [Sil07, Theorems 3.7 and 3.12]: for
fixed values of d and B, there are only finitely many points of P1(Q) of degree at most d and
height at most B.
Next, for d, B ≥ 1, we defined in the introduction P1(Q, d) = {P ∈ P1(Q) | [Q(P ) : Q] ≤
d}, as well as the (finite) subset P1(Q, d, B) = {P ∈ P1(Q) | [Q(P ) : Q] ≤ d and H(P ) ≤ B}.
While an easy crude bound on the size of P1(Q, d, B) would suffice for our purposes, it’s
clarifying to state some recent stronger results. For d fixed and B increasing, Masser and
Vaaler [MV08] determined its asymptotic size:
Theorem 2.2 (Masser-Vaaler). As B grows, the number of elements α ∈ Q such that
[Q(α) : Q] = d and H(α) ≤ B is asymptotic to cQ,d · Bd(d+1), for cQ,d an explicit positive
constant.
More generally, they established an asymptotic for points of degree d over arbitrary number
fields [MV07], as well as a power-saving error term, but we won’t need that here. If we restrict
attention to S-integral points, Barroero [Bar15, Theorem 1.2] showed:
Theorem 2.3 (Barroero). Let S be a finite set of places of Q containing the archimedean
one. Then as B grows, the number of elements α ∈ OS such that [Q(α) : Q] = d and
H(α) ≤ B is asymptotic to aQ,d,S ·Bd2(logB)|S|−1, for aQ,d,S an explicit positive constant.
Barroero also obtained an error term, as well as the asymptotic over an arbitrary base
number field rather than just over Q, but again we won’t need that full generality.
3. Finiteness of integral images
Lemma 3.1. Let ϕ(z) ∈ C(z) be a rational map of degree r ≥ 2. If ϕ2(z) is not a polynomial,
then the number of distinct poles of ϕn(z) goes to ∞ as n→∞.
Proof. If∞ is not a periodic point for ϕ, then ϕn has at least rn−2 poles; see [Sil07, Exercise
3.37(a)]. On the other hand, if ∞ is a periodic point of exact order m, then note that by
our assumption on ϕ2 and [Sil07, Theorem 1.7], ∞ is a fixed point of ϕm but not totally
ramified. Hence ϕmn has at least rn−2 + 2 poles by [Sil07, Exercise 3.37(b)]. In either case,
the statement follows. 
We’ll write x0 and x1 for the natural coordinates on the projective line.
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Proposition 3.2. Let ϕ(z) ∈ Q(z) be a rational map with at least 2d+ 1 distinct poles and
let S be a finite set of places of Q containing the archimedean one. Then there are only
finitely many points P ∈ P1(Q, d) such that ϕ(P ) ∈ OS.
Proof. Let R = ϕ(P1(Q, d)) ∩ OS, let K be the smallest number field over which the coef-
ficients of ϕ can be defined, and let S ′ be the set of places of K lying over S. By [Voj11,
(1.3.5)], setting λ{∞},v =
1
[K:Q]
log max(1, ||x0
x1
||v) for v 6∈ S ′ gives a global Weil function λ{∞},
which thus shows R to be a set of ({∞}, S ′)-integral points. By [Voj11, Lemma 1.3.3(d)],
λ{∞} ◦ϕ is a global Weil function for the divisor ϕ∗{∞} on P1. From our earlier definition of
integral points in Section 2, the subset of P1(Q, d) as in the proposition is immediately seen
to be (ϕ∗{∞}, S ′)-integral. By Theorem 1.3, there can only be finitely many such points of
degree at most d, since ϕ∗{∞} contains at least 2d+ 1 distinct points by assumption. 
4. Upper bounds for orbits
Proposition 4.1. Let ϕ(z) ∈ Q(z) be a rational map of degree r ≥ 2 such that ϕ2(z) is not
a polynomial, and let S be a finite set of places of Q containing the archimedean one. Then
there exists a constant N ′ = N ′(ϕ, d, S) such that for any non-preperiodic point Q ∈ P1(Q, d),
we have that ϕn(Q) ∈ OS implies n ≤ N ′.
Proof. By Lemma 3.1, there exists N1 such that ϕ
N1 has at least 2d + 1 distinct poles. By
Proposition 3.2, there are only finitely many points P ∈ P1(Q, d) such that ϕN1(P ) ∈ OS.
Let C be the maximum of the canonical heights hˆϕ(P ) of these points. If ϕ
n(Q) ∈ OS for Q
as in the proposition and n ≥ N1, then ϕn−N1(Q) has height at most C. Thus
rnhˆϕ(Q) = hˆϕ(ϕ
n(Q)) = hˆϕ(ϕ
N1(ϕn−N1(Q))) = rN1hˆϕ(ϕ
n−N1(Q)) ≤ rN1C.
So if M = M(ϕ, d) is the minimal positive value of the canonical height hˆϕ on P
1(Q, d)
(which immediately exists by the Northcott property), then we must have rn ≤ rN1C
M
, which
proves the proposition. 
(Proof of Theorem 1.6). Proposition 4.1 immediately reduces this to finding a uniform bound
just for such points P that are preperiodic. But those points have canonical height 0, so
by Northcott there are finitely many of them, since their degree is bounded by assumption.
Thus any bound bigger than the orbit lengths of all the preperiodic P ’s will suffice. 
Remark. If ϕ2(z) ∈ Q[z] and ϕ(z) is not itself a polynomial, then after a change of variables
ϕ(z) has the form 1/zr; see [Sil93, Proposition 1.1].
5. Average number of integral points in orbits
(Proof of Theorem 1.4). Recall that as B grows, #P1(Q, d, B) is asymptotic to cQ,d ·Bd(d+1)
by Theorem 2.2.
First, suppose that D contains ∞ = [1 : 0]. Then x0
x1
is a regular function on the com-
plement of D, so by Lemma 2.1, there is a constant b ∈ Q× such that bx0
x1
(P ) ∈ OS′ for all
P ∈ R, where S ′ is the finite set of places of Q that the places of S lie over. If we expand S ′
to a possibly larger finite set of places T of Q such that it contains all the places above which
b has absolute value less than 1, we see that R ⊂ OT . Thus #R ∩ P1(Q, d, B) is bounded
above by #OT ∩P1(Q, d, B). Since #OT ∩P1(Q, d, B) is asymptotic to aQ,d,T ·Bd2(log B)|T |−1
as B grows, the limit in the theorem statement is zero.
6 JOSEPH GUNTHER AND WADE HINDES
Now suppose instead that D doesn’t contain∞. Then it has a finite point [β : 1]. Consider
the rational function x1
x0−βx1
; this is a regular function on the complement of D, so by Lemma
2.1, there is again a constant b ∈ Q× such that bx1
x0−βx1
(P ) ∈ OS′ for all P ∈ R. In particular,
for all non-infinite [α : 1] ∈ R, we see that 1
α−β
∈ OT , where T is the finite set of places
containing S ′ and all places above which b can have absolute value less than 1. Hence, to
prove Proposition 1.4 it suffices to show that the set of points α ∈ Q satisfying 1
α−β
∈ OT and
[Q(α) : Q] ≤ d has relative density zero inside P1(Q, d). In the special case where one can
choose β to lie in Q, we again get an asymptotic bound of a constant times Bd
2
(log B)|T |−1
from Theorem 2.3. But for the general case, this doesn’t work; instead we’ll show relative
density zero by sieving out a family of local conditions.
First we make a couple reductions. Since #P1(Q, d−1, B) is asymptotic to cQ,d−1 ·Bd(d−1),
one need only handle the set where [Q(α) : Q] = d. Furthermore, by an appropriate form of
effective Hilbert irreducibility [Coh81, Theorem 2.1] over Q(β), we may restrict attention to
the subset of α’s where [Q(α, β) : Q(β)] = [Q(α) : Q] = d.
To outline the argument going forward, let P be the set of rational primes that split
completely in the Galois closure of Q(β). By the Chebotarev density theorem, P has positive
Dirichlet density. We may discard finitely many primes of P and assume that β is integral
at all p ∈ P and that P does not meet T . Next, for each p ∈ P, we can fix a prime ideal p
of Q(β) lying over p, and since there is no residue field extension we may choose an integer
0 ≤ rp ≤ p− 1 such that |rp − β|p < 1. Now, consider the set
Ip :=
{
α ∈ Q ∣∣ [Q(α) : Q] = d, |α−rp| < 1 for some absolute value | · | of Q lying over | · |p}.
For an element α of Ip, we have | 1α−β | = | 1(α−rp)+(rp−β) | > 1, and therefore 1α−β 6∈ OT . Thus
R∩Ip = ∅, and so we’ll be done if we show that the complement of ∪p∈PIp has density zero.
Rather than counting elements of the complement directly, we’ll instead bound its size from
above, by counting polynomials whose roots lie in the complement.
To make this precise, let f(x) = adx
d + ad−1x
d−1 + · · · + a0 be a primitive irreducible
polynomial with integer coefficients and write f(x) = ad
∏
(x− αi) in C[x]. Then we define
Hˆ(f) := max{|ai|} to be the naive height of f . For α a root of f , the height of α and the
naive height of f are known to be comparable in the following sense:
(1)
1√
d+ 1
H(α)d ≤ Hˆ(f) ≤
(
d
⌊d/2⌋
)
H(α)d;
see, for instance [BG06, Lemma 1.6.7]. Now let p1, . . . , pk be the first k primes in P. Let
Pol+(d, B) be the set of integer polynomials of degree d, with positive leading coefficient,
and naive height at most B. Lastly, for any m|p1 · · · pk, let
Fm(d, B) := #
{
f ∈ Pol+(d, B) ∣∣ for each p|m, ad 6≡ 0 (mod p), f(rp) ≡ 0 (mod p)}.(2)
By counting the number of integers in a residue class in a box (at each prime we’re excluding
a single congruence class for the leading coefficient, and enforcing one condition on the
remaining terms), we see that as B grows,
Fm(d, B) =
∏
p|m
(p− 1
p2
)
2dBd+1 +O(Bd)
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On the other hand, the irreducible polynomials counted by Fm(d, B) give rise to elements of
∩p|mIp; to see this, suppose that α ∈ Q is a root of an irreducible integer polynomial f(x) of
this type. Then considering the equation
0 = adα
d + ad−1α
d−1 + . . . a0 = ad(α− rp + rp)d + ad−1(α− rp + rp)d−1 + . . . a0
= ad(α− rp)d + (dadrp + ad−1)(α− rp)d−1 + · · ·+ f(rp),
we see, dividing by ad to obtain the minimal polynomial equation for α− rp over Q, that the
norm NQ(α)/Q(α−rp) = (−1)
df(rp)
ad
. Let | · | be an absolute value of Q lying over | · |p. Since the
norm, which is the product of the Galois conjugates of α− rp, has absolute value less than 1
under | · |, we must have, for some automorphism σ ∈ Gal(Q/Q), that σ(α− rp) = σ(α)− rp
satisfies |σ(α) − rp| < 1, and thus σ(α) ∈ Ip. Now, by our earlier reduction to the case
[Q(α, β) : Q(β)] = [Q(α) : Q] = d, we have that Gal(Q/Q(β)) acts transitively on the
conjugates of α, so in fact we can choose σ to lie in Gal(Q/Q(β)). Thus the absolute value
| · |′ of Q given by | · |′ = | · | ◦ σ also lies over | · |p, and we have |α− rp|′ < 1. So we in fact
have α ∈ Ip.
Next, let Gk(d, B) be the number of polynomials in Pol+(d, B) not contained in any of the
subsets defining Fpi(d, B) for i = 1, . . . , k. By inclusion-exclusion, we have
Gk(d, B) =
∑
m|p1···pk
µ(m)Fm(d, B)
=
k∏
i=1
(
1−
(pi − 1
p2i
))
2dBd+1 +O
(
Bd
)
.
Now we count algebraic numbers. Let α ∈ Q have degree d, and let f be its minimal
polynomial over Z. If α has height at most B, then by (1), we see f has naive height
Hˆ(f) ≤ ( d
⌊d/2⌋
)
Bd. Thus the number of such α not contained in ∪p∈PIp is bounded above by
d · Gk(d,
(
d
⌊d/2⌋
)
Bd)
=
k∏
i=1
(
1−
(pi − 1
p2i
))
d2d
(
d
⌊d/2⌋
)d+1
Bd(d+1) +O
(
Bd
2)
.
We see that the relative density of R is at most 1
cQ,d
times the constant on Bd(d+1) above.
However, now we can let k grow. Since P had positive density in the primes, the product
above converges to 0 as k →∞: recall that an infinite product ∏(1− ai), with 0 ≤ ai < 1,
converges to 0 if and only if
∑
ai diverges. In our case, ai is on the order of
1
pi
; since the sum
of the reciprocals of the primes diverges [Eul44, Theorema 19], the infinite product converges
to 0. 
Corollary 5.1. If ϕ(z) ∈ Q(z) is a non-constant rational function, then
lim
B→∞
#{P ∈ P1(Q, d, B) | ϕ(P ) ∈ OS}
#P1(Q, d, B)
= 0.
Proof. This follows directly from Theorem 1.4: as noted in the proof of Proposition 3.2, we
have that {P ∈ P1(Q, d) | ϕ(P ) ∈ OS} is a (ϕ∗{∞}, S ′)-integral set of points. 
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(Proof of Theorem 1.7). By Proposition 4.1, after discarding the finitely many preperiodic
points, the numerator is at most
N ′∑
n=0
#{P ∈ P1(Q, d, B) | ϕn(P ) ∈ OS},
so we’re done by Corollary 5.1. 
Acknowledgements: It is a pleasure to thank Robert Grizzard and Aaron Levin for
discussions related to the work in this paper.
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